Aim of the paper is study weak gravitational lensing of quantum (perturbed) (QLBHL) and classical (CLBHL) Lukewarm black hole in presence of cosmological parameter Λ. We apply numerical method to evaluate deflection angle of bending light rays, images locations θ of sample source β = − π 4 , and corresponding magnifications µ. There is not obtained real values for Einstein rings locations θ E (β = 0) for CLBHL but we calculate them for QLBHL. As experimental test of our calculations, we choose mass M of 60 type of most massive observed galactic black holes as gravitational lens and study quantum matter fields effects on the angle of bending light rays in presence of the cosmological constant effects. We calculate locations of non-relativistic images and corresponding magnifications. Numerical diagrams show that the quantum matter effects cause to be reduce absolute values of the quantum deflection angle with respect to the classical ones. Sign of the quantum deflection angle is changed with respect to the classical values in presence of the cosmological constant. This means dominance of anti-gravity counterpart of the cosmological horizon on the bending light rays angle with respect to absorbing effects of local 60 type of observed most massive black holes. Variations of the image positions and magnifications are negligible by increasing dimensionless cosmological constant ǫ = 16ΛM 2 3
Introduction
Gravitational deflection of light rays is one of the experimental tests of general theory of relativity. This effect is observed in presence of interstellar and large scale objects for instance stars, black holes and clusters of galaxies [1, 2] ( see also [3] ) and references therein). The gravitational lensing in weak field limits can be used to measure masses of interstellar objects. Micro-lensing is observed in cosmic sources called as galactic micro-lensing. In the latter case there is made only elementary and secondary images. Source and observer is assumed to be located in asymptotically flat regions of the lens. Multiple relativistic images are formed via strong gravitational lensing where the light ray moves very close to the black holes's photon sphere and circulates about the lenz (black hole) before than that arrives to observer. In fact, exact analytic solutions of the null geodesics, gravitational lens equations and deflection angle of light for the Kerr-Newman and Kerr-Newman-(anti) de Sitter black holes have been studied and derived for the first time in ref. [4] . The solutions are expressed in terms of generalized hypergeometric functions of Appell-Lauricella and Weierstrass elliptic functions. There all the parameters of the theory mass, spin, electric charge and cosmological constant enter the solutions on an equal footing (the RNdS black hole is a special case of KNdS). In absence of cosmological constant, influence of electric charge is studied by Eiroa et al for RN black hole strong lensing [5] . They obtained its relativistic image. Influence of the cosmological constant is studied on the gravitational lensing by Sereno [6] in which effects of the cosmological constant is negligible near the lens but not at distances far from the lens. In these large distances the unresolved images are slightly de-magnified, radius of the Einstein ring decreases and time delay increases. Gravitational lensing of Kerr black hole is studied in weak field limits [7] where the critical curves are still circles displaced from the black hole location in the equatorial direction and the corresponding caustic is point-like. In strong deflection limits the Kerr black hole gravitational lensing is studied in ref. [8] in which all observational quantities namely, image locations, magnifications, and etc. are depended on the projection of the spin on plan which is orthogonal to the line of sight. Gravitational lensing is also studied from wormholes and naked singularities. For instance strong deflection limits of Janis-Newman-Winnicour (JNW) wormhole and Ellis wormhole gravitational lensing are studied in ref. [9] . The JNW wormhole exhibits the relativistic images, but not the Ellis wormhole due to the absence of its photon sphere. Gravitational lensing from rotating naked singularities is studied (see ref. [10] ) in presence of massless scalar fields in which scalar charge has important effect on magnification signature (parity of the images) and critical curves displacement but not on the point-like caustics. In other word the point like caustics be moved away from the optical axis without to affect the scalar charge. Locations of the relativistic images and their separability for weakly naked singularities are computed in the strong deflection limits by using numerical method. Role of the scalar field is studied in gravitational lensing [11] where a spherically symmetric static lens is characterized by its mass and scalar charge parameters. Usually the nonlinear electromagnetic fields of the black hole charge causes to eliminate causal singularity of the black holes. In the latter case they reach to regular supper-massive black holes located at the center of galaxies. The first regular black hole was introduced by Bardeen [12, 13] . This is obtained from Einstein field equation with nonlinear electromagnetic source [14, 15] . In this work we assume that a quantum perturbed Lukewram black hole (QLBH) metric to be gravitational lens. Then we study its gravitational lensing for weak deflection limits of bending light rays. Metric of the QLBH was obtained [16] by solving the well known backreaction metric equation where renormalized expectation value of stress tensor operator of a massless quantum scalar field is located in right side of the Einstein equation. It will be quantum counterpart of source and causes to evaporate the RNdS black hole which its initial ADM mass 'M' is equal to its electric charge. In ref. [16] we showed that its final state reaches to remnant stable mini black hole. All observational quantities for instance locations of non-relativistic images and magnifications are studied for QLBH and compared with results of a CLBH lens. We will use numerical method to solve the lens equation and calculation of corresponding magnifications. As experimental test of our numerical calculations we use 60 type of most massive observed galactic back holes as gravitational lens and study their mass absorbing effect versus the anti-gravity effects of cosmological constant on the quantum (classical) deflection angle of bending light rays in the presence (absence) of quantum scalar field effects. The paper is organized as follows. In section 2 we call CLBH and QLBH metric from [16] . In section 3 we use numerical method to evaluate deflection angle of bending light ray and plot its diagram against dimensionless cosmological parameter ǫ. In sections 4 we obtain elementary and secondary image locations . In section 5 we evaluate magnifications of the non-relativistic images and plot their numerical diagrams. Section 6 denotes to conclusion.
Classical and quantum Lukewarm Black Hole
Let us start with metric of final state of evaporating QLBH. This metric was obtained previously in ref. [16] by solving the backreaction equation via perturbation method as:
where subscripts of B, C denotes to the black hole and cosmological horizons regions. We used units where c = G = = 1 and defined dimensionless quantities
in which Q denotes to the black hole electric charge parameter. We will call ǫ to be dimensionless cosmological parameter in what follows. Up to terms in order of ǫ 2 perturbation series expansion form of the backreaction functions ρ B,C (x) and σ B,C (x) are obtained by solving the well known backreaction equation
and <T µν > ren are classical electromagnetic field stress tensor and renormalized expectation value of quantum massless, charge-less scalar field stress tensor operator respectively such that
and
where x B and x C are radius of the black hole and the cosmological event horizon respectively given by
Definition of the constants U 1,2,3 (x B,C ) and V 1,2,3 (x B,C ) are given in the appendix A. CLBH metric is obtained by solving
(in absence of backreaction corrections of Hawking radiation of quantum massless scalar fields) such that ρ B,C (x) = 1 and σ B,C (x) = 1. Now, we use numerical method to calculate deflection angle of bending light rays for both of QLBH and CLBH metric as follows.
Light deflection angle
When the light ray moves at neighborhood of the black hole metric (1) (the quantum lens), then deflects with angle [17] α = 2
where x ps is the photon sphere radius and x B and x C are called radiuses of the black hole and the cosmological horizons respectively given by (8) .
is given bỹ
in which impact parameter b is defined in terms of constant angular momentum L and energy E of the light ray as
It is coordinate independent and so is invariant of the system, same as the black hole mass M and the electric charge Q . The photon sphere radius x ps is obtained by largest positive root of the equation
where explicit form of the function F B (x, ǫ) is obtained by inserting (4) and (6) into (2) . The photon sphere equation (11) is obtained by solving the geodesic equation for a circular moving photon about the black hole center.
Explicit form of the function F C (x, ǫ) in the equation (10) is obtained by inserting (7) and (9) into (2). x 0 given in the integration (9) is closest approach distance for which the bending light ray reaches to center of the lens.
In weak deflection limits of the gravitational lensing we must be restrict the integration (9) to x 0 > x ps for which |α| < 3π 2 ≃ 4.7(radian) and so we have not still relativistic images. Relativistic images are formed usually via circulation of bending light rays around the lens center for which deflection angle become |α| > 3π 2 (see figure 1 in ref. [18] . For galactic large black hole we can approximate ǫ ≃ 10 −22 experimentally (see [19] ) for which the equation (8) reads
What should we choose for particular value of x 0 if we use the sample (12)? To do so we define boundary point x b via
The above equations do not give us analytic solution for x b against ǫ and so we must be obtain all possible values by plotting their diagrams . Diagrams of the equations (11) and (13) are plotted against ǫ in left panel of figure 1 where solid line denotes to x ps (ǫ) and dot line denotes to x b (ǫ). Right panel of the figure 1 describes diagram of the equation (14) . These 2 diagrams show that x ps ≈ x b < 0.6, ǫ < 1 (15) and so the functions (4) and (6) are negligible when we calculate (9) by choosing the following boundary conditions. 0.6 ≤ x 0 ≤ 1.5, x C ≈ 10 11 ; ǫ = 10 −22 (16) and/or
We should point the dimensionless cosmological parameter given in the Eq. (16) corresponds to the most massive black holes in the central part of giant galaxies and certainly not for Milky Way. Inserting (2), (5) and (7) as
we plot diagram of quantum and classical deflection angles α q and α c respectively defined by (9) against x 0 (ǫ) in the left (right) up panel of the figure 2 for theoretical giant black holes sample 0.001 < ǫ < 0.01. Left-down panel in figure 2 denotes to numerical diagram of the classical and quantum deflection angles of the bending light rays for 60 type of experimental observed most massive galactic black holes lens. We see that the weak deflection limits satisfies |α| < , into the equation (9) and integrating numerically for boundary conditions (16) and/or (17) corresponding to 60 type of observed most massive black hole lens and theoretical regime 0.001 < ǫ < 0.01. We see in the up left panel of the figure 2 that the deflection angle decreases by increasing x 0 for CLBHL but not for QLBHL. In the up left panel of the figure 2, we see that there are formed relativistic images for CLBHL with α c → ∞ and x 0 → 1 but not in case of QLBHL. We see in the up right panel of the figure 2 that the deflection angle decreases faster (slower) for CLBHL (QLBHL) by increasing the cosmological parameter ǫ. Also these diagrams show that the quantum deflection angle sign is changed with respect to the classical one in the presence of the quantum matter field effects. Also absolute value of quantum deflection angle become smaller than with respect to the classical one in the presence of quantum matter fields effects. In the next section we use the above results and seek locations of non-relativistic images.
Non-relativistic image locations
There is proposed several type of the gravitational lensing equation (see for instance [19, 20] ) where we choose
where source angular location β is made by crossing observer-lens line and observer-source line (see down-right panel in figure 2 ). Image angular location θ is made by crossing observer-lens line and observer-image line. D ds denotes to distance between lens and source. D s describes distance between observer and source. We set
for simplification of the problem. Applying numerical method we solve (18) , and plot its diagram against ǫ for β = 0 (Einstein rings) and sample source β = − π 4
for QLBHL. In case of CLBHL we do not obtain real values for Einstein rings location θ E (β = 0). Diagram of QLBHL Einstein rings is given in right panel of figure 3 where numerical values ǫ are chosen from mass of 60 type of observed most massive black holes which are in order of ǫ ≈ 10 −22 satisfying the condition (16) and/or (17) . We plot numerical diagrams of non-relativistic images locations for a sample source β = − is given in left (right) up panel of figure 4 . All diagrams show that the anti-gravity effects of the dimensionless cosmological constant ǫ is dominant with respect to local absorbing property of the supper massive black holes because all θ(ǫ) diagrams treat as constant function versus ǫ.
Magnification
Applying Liouville's theorem, the gravitational lensing causes to preserves surface brightness but it does change the apparent solid angle of a source. This change is evaluated via magnification µ. The amount of magnification is given by ratio of the image area to the source area and so it is a dimensionless numerical quantity. Usually it is obtained larger than one in size but when its amount become less than one then it refers to a reduction in size which sometimes called as "de-magnification". Magnification formula is given by
where µ t and µ r defined by
are called tangential and radial magnifications respectively. Eliminating β via (18) and assuming
the equations (19) and (20) become respectively
and µ r (θ) = 2 sec 2 tan
In case of CLBHL we do not obtain real values for Einstein rings location θ E (β = 0) and so their magnifications will not have real values. Diagrams of QLBHL Einstein rings magnifications are given in left panel of figure 3 where numerical values ǫ are chosen from mass of 60 type of observed most massive black holes which are in order of ǫ ≈ 10 −22 . In figure 5 , we plot numerical diagrams of non-relativistic images magnifications of a sample source
from 60 type of experimental observed most massive galactic black holes with ǫ ≈ 10 −22 and for theoretical sample 0.001 < ǫ < 0.01. Diagrams show raising of magnifications by increasing dimensionless cosmological constant ǫ for regime 0.001 < ǫ < 0.01 (see up-right panel in figure 5 ) but show (approximately) constant magnification for observable regime ǫ ≈ 10 −12 (see down-right panel in figure 5 ). As a future work we would like to consider gravitational lensing of quantum perturbed rotating black hole background which is a more realistic background. Casals et al [21] are studied quantum fields on a rotating BTZ (Banados, Teitelboim and Zanelli) black hole and obtained quantum perturbed metric in analytic form recently. For given values of black hole mass and angular momentum they obtained that the quantum effects lead to a growth of both the event horizon and the radius of the ergo-sphere, reducing the angular momentum compared to the unperturbed values. Also quantum effects give rise to the formation of a curvature singularity at the Cauchy horizon but show no evidence of a super-radiant instability. BTZ black hole metric solution is obtained in 1992 [22] , where it came as a surprise because it is believed that no black hole solutions are shown to exist for a negative cosmological constant. BTZ black hole which is a three dimensional black hole has remarkably similar properties to the 3+1 dimensional black hole, which would exist in our real universe. When the cosmological constant is zero, a vacuum solution of (2+1)-dimensional gravity is necessarily flat (the Weyl tensor vanishes in three dimensions, while the Ricci tensor vanishes due to the Einstein field equations, so the full Riemann tensor vanishes), and it can be shown that no black hole solutions with event horizons exist. By introducing dilatons, we can have black holes. We do have conical angle deficit solutions, but they don't have event horizons. It therefore came as a surprise when black hole solutions were shown to exist for a negative cosmological constant. The BTZ 3-dimensional black hole has properties similar to the ordinary black holes in 3+1 dimensions as follows: (a) It satisfies the 'no hair theorem' (b) It has the same thermodynamical properties, namely its entropy is captured by a law directly analogous to the Bekenstein bound in (3+1)-dimensions, essentially with the surface area replaced by the BTZ black hole's circumference. (c) Like the Kerr black hole, a rotating BTZ black hole contains an inner and an outer horizon together with ergosphere. BTZ black hole could arise from collapsing matter and its energy-moment tensor is calculated as same as (3+1) black holes In ref. [23] . In short , the BTZ black holes without any electric charge are locally isometric to anti-de Sitter space. However we should use our quantum framework to obtain physical effects of the Kerr and/or the BTZ rotating black holes angular momentum on the gravitational lensing of light rays which can be choose as next challenge in this subject. At least we can tell some physical interpretation about the black hole lens angular momentum on the gravitational lensing as follows: All rotating black hole have ergosphere region which treats as particle accelerators. Ejecting particles from ergosphere to regions far from the black hole photon sphere region affect on moving photons and so deviate their velocity and direction which in the post Newtonian limits they do because of rotating black holes Coriolis acceleration. These affect finally on images locations and their magnifications. Now we call 60 type of supper massive observed galactic black holes mass to obtain quantum characteristics for the gravitational lensing given in the tables 1-14 as follows. 
Conclusions
In this paper we studied weak gravitational lensing of QLBL and CLBL in presence of the dimensionless cosmological constant parameter ǫ. In weak deflection limits we obtained diagrams of deflection angle integral, nonrelativistic image locations and corresponding magnifications against ǫ as numerically. As experimental result of our work we choose 60 type of most massive observed black hole mass to be experimental gravitational lens and obtain deflection angle of bending light rays, their non-relativistic image locations and magnifications in both of CLBHL and QLBHL regime. Our work predicts dominance of anti-gravity property of the cosmological constant effect versus the mass absorbing effects of most massive galactic black holes on the weak gravitational lensing of the bending light rays. Sign of the quantum deflection angle is changed with respect to the classical deflection angle. Absolute value of quantum deflection angle reduces with respect to the classical deflection angle of bending light rays for all values of dimensionless cosmological constant. As a future work we will proceed to study our (11) and (13) plotted against ǫ with solid and dot lines respectively. Right panel shows diagram of the equation (14) plotted against ǫ.
quantum frame work on rotating most massive galactic black holes as same as Kerr and/or BTZ which are more realistic background. Ejecting particles from their ergosphere interfere moving photons around the black hole photon sphere and so deviate their velocity and direction.
Appendix
The constants U 1,2,3 (x B,C ) and V 1,2,3 (x B,C ) are calculated in ref. [16] as follows. 
where A(x, ε),B(x, ε),G(x, ε) and C 2 is defined as 
